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A criterion of orbital exponential stability of periodic motions of autonomous
systems is obtained, The criterion is pased on the method of Liapunov func -
tions and is used together with the theory of optimal control to derive a method
of stabilization of orbits,

1. Let us consider an autonomous system of differential equations (where z and
f are n - vectors)

dz / dt = f (2) (LY

Let z = E () be a T - periodic solution of (1, 1) different from the point of rest and
v the trajectory of this solution, We shall assume that the components of the vector f
are sufficiently smooth functions in some neighborhood of the trajectory v. For any
point z sufficiently near to the trajectory y, we can find a unique quantity 6 (z)
such, that 0 <0 (x) < T, £ (0 (2)) is the point on the trajectory v nearest to r, and
the vector z — & (0 (z)) is orthogonal to the vector f (§ (8 (2))).

Definition. A periodic solution & (#) of the system (1. 1) shall be called expo-
nentially orbitally stable ( EO — stable) if 6 >0, o > 0and K > 0 exist such that

lz(t) —E® (@) | < K™ 2y — £ (B (20)) | (1.2)

as soon as | zo — & (B () | < 8. In the expression (1.2) z (¢) denotes a solution of
(1. 1) emerging from the point z, at the initial instant of time ¢, .

The sufficient conditions of the EO stability are related to the Andronov— Vitt
theorem [1,2] and its analogs [3,4], and go back to Liapunov [5]. These conditions
consist of the fact that the variational equations

d af;
=T O, F(t)={a_,,f3 ) (1.3)

of the system (1.1) have, for the periodic solution § (#) , a single simple zero charac -
teristic index, and all remaining indices have negative real parts.

A theorem given in [6] asserts that these conditions are also necessary for the EO
stability of the periodic solution E (¢) of (1, 1). The present paper gives a criterion of
EO stability based on the method of Liapunov functions. Use of this criterion enables
us to solve the problem of stabilization of periodic motion g (¢) of the system (1, 1).

2. Lemma, If v(2) is a sufficiently smooth function in the neighborhood of the
trajectoryy,p > 0and v (§ (1)) =0, 0 v < T, then

V@ =@ E@V @M E—-E@)+0lz—E@P (2.1
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VofE @ =0 (2.2)
0

2 a::‘. [i@=R@) =@E—E@) F*@V()+ (2.3)

=1

VEOF@+V (@)@ —E@)+0(z—E(®P)

1 0%
(v =7 {5 e @)

Here V (¥)is a 7 - periodic matrix and the ratios of the quantities 0 (| z — & (v) |?) in
(2.1) and (2.3) to |z — & (1) P are bounded uniformly in T for small |z — & (1) |.

Proof. At the point of the curve ¢ the function v (z) attains a minimum, there-
fore
oz, (E@) =0, i=1,..,n 01T (2.4)

Using (2.4) and the Taylor formula to represent v(z) in the neighborhood of the point
E (1), we obtain (2,1).
Let us compute the i =th coordinate of the vector V (1)f (§ ()

Zax = (i(f))f,,(&(r))—z oy (az, )(E(r))fk(i(r)) d,(ax><a(r» (2.5)

k=1
where the last expression represents, by virtue of (1.1), the total derivative of dv / dz;,
From (2.4) and (2.5) we obtain (2, 2).
Next we prove the formula (2.3). We expand the function R (z) into a Taylor se-
ries at the point E () . This yields

- oR
R(z)= R(: (1) + Zaf(a(r» (g — B () + (2.6)
2 Z oz, ax (E () (2, — &, (V) (z; — &; (1) + O (|l= —E (1) |3

1, j=1

We have (see (2.4)) R (& (1)) = 0. Further we have

Z oz 6:1: fk+2 oz, x': 2.7

2R 9%y %0
90 =Z (axax )fﬂLZ 32,97, 8z =+ (2.8)
k,__
ki3
i a2y 8fk n v 62fk
ot Bwkaxj oz, o axk 6xiazj

By virtue of (2.4) and (2.2), 9R (§ (1)) / dz; = 0. Further, when z = § (1), the first
sum in the right-hand side of (2.8) is equal, by virtue of (1. 1), to the derivative of
the function 6% / dx;0z; with respect to v , along the periodic solution z = & (1)
Therefore the sum is equal to the element of the i -th row and j-th column of the
matrix ¥’ (1). The last sum in (2,8) vanishes when z = § (1) by virtue of (2.4).
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the result we obtain

"15{*%“ & (r))} =V @O+ Fr@VE+VOF (1)
)

Oz
and this yields (2,3).
The uniform boundedness of the ratio mentioned in the lemma follows from the assumed
smoothness, and this proves the lemma,

Let us give a graphical interpretation of the lemma, If » is a two - dimensional
vector, the graph of the Liapunov function v with the lemma is concerned, represents
an annular groove the base of which is the orbit = = § (¢). Figure 1 depicts a section of
this groove, A graph of the function {(x — § (v))*V (z) (z — § (1)), is also drawn through
the point M lying on the orbit, The function gives the corresponding approximation to
the function v (z) in the neighborhood of the point M (&; {7}, & (7)) and is a parabolic
cylinder, This illustrates clearly the degeneracy of the matrix V (1) and the relation

2.2).
(2.2 Let us denote by Py the matrix corresponding

to the projection operator acting on the subspace
orthogonal to the vector f 5= 0; Py = E — | f|{7%ff*
and E is a unit matrix, We shall call the quadra-
tic form z*Ar and the symmetric matrix 4 FPr=
positive definite (P§ - nonnegative definite) if
for any vector z == 0 orthogonal to the vector f
Fig.1 the inequality z*Az > 0 (z*4z 2> 0) holds,

Zy

Theorem 1, Forthe EO stability of a I - periodic solution § (#) of the system
(1. 1) it is necessary and sufficient that for any 7 - periodic matrix € (1) and any T - pe-
riodic nonnegative function « (%) such that
T

g a(r)dr >0 (2.9)
¢
and the matrix C (v) — « (1)E is Pjp(sy,- nonnegative definite, a 7 - periodic, P jg(ey-
positive definite matrix V (t) exists such that (2, 2) holds and

V(1) + F* @V (@) 4+ VOF (1) = —Pyee)C (0Pygiay (2. 10)

Proof. Sufficiency, Letus introduce the function v (z) = (z — & (6))*V (8)-
(z — & (0)). Here and henceforth 6 = 6 (z). It can be proved that Y, (8% (& () /
dzyoz;) = V (v). From the lemma follows

=Y i@ =E L O W@ E—EO)+0(r—E® (21D
i=1

(W@ =V (@)-+F@VE@-+VOF 1)

By virtue of (2.10), (2.11) and the fact that the vectors /(& (8)) and (z — E (0)) are
orthogonal, we have

dv/dt=—(z—E@O)CO@—EO) +0(z—E@P (2.12)

Since the matrix V (8) is Py, - positive definite, we can find positive numbers m
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and M such that
mE—=8@)* @ —E@) <(@—5O)VEO)@—§0O)< (2.13)
M(z—E@O)* (= —E(0)
Conditions of the theorem and (2, 13) together yield the inequality

—@—E@)* CO)E@E—EO@)<—a®)@—EO) @ —E@O)<
(3]
N M AC [T

which, together with (2, 12), yields the following inequality for sufficiently small
lz—8(0)]:

The above inequality ensures, by virtue of (2, 13), that | xr — & (8) {is small at all
instants of time provided that { £, — & (0 (zy)) | is small.

Using the fact that the solutions are continuous with respect to the initial parame -
ters, the 7T - periodicity of the function « (7) and the condition (2, 9), we obtain for
small | zq — & (8 (zy)) |

{r-+1)T
S a@@ONdE S>>0, r=0,1, ..., @0 =z (2. 15)
rT
Dividing both sides of (2.14) by v, integrating from 0 to ¢ and taking into account
(2. 15), we obtain
v{t) < Kv (O)e"ai {2.186)

where K > 0 and o > 0 are some constants, Owing to (2, 13), the inequality (2, 16)
proves the EO stability of the solution z == § (#) of the system (1.1).

Necessity., Letus consider the function
v@ = o —z@*cO@Em @) (2.17)
0
(z(0)=z,0=0(=)

where z (#) is the solution of {1.1), Function v (z) satisfies the conditions of the lemma,
Clearly, V(1) isa Pyygoy)- positive definite matrix for the function v (2) of (2.17).
The formula (2.11) holds forv (2). On the other hand, using (2,17) we find that

dv/dt = — (z — & (8)*C (8) (z — & (8)) (2.18)
Equating (2, 11) with (2, 18), we obtain
Preen W O Py iy = — PiaenC (0 Przay) (2.19)

But from (2.2) we have
VEO+VEOF@OIFER =0
and this, together with (2,2), yields

W (DPygey = W (1) (2.20)

Applying the conjugation operation to both sides of (2,20) we obtain another equation
which, together with (2,19) and (2.20), yield (2, 10), and this completes the proof
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of Theorem 1.

8. The problem of stabilization of the points of rest was studied by many authors
[7,8]. Let us consider the problem of stabilization of the periodic motion of the system
(1.1), We introduce a system with a control

de ! dt = { (z) + b (0 (2))u (3. 1)
where b (1)is a T - periodic 7 - vector and u is a scalar control, We shall seek a con-
trol u = u (x;, ..., r,) from the condition of minimization of the functional

= [le—2 @) CO@—20)+BOwla, 8=0() 3.2)
0

where C (t) satisfies the requirements of Theorem 1 and § (v) is a 7 - periodic positive
function.

The Bellman function v°(zy, ..., z,) of the problem (3.1), (3.2) satisfies the
equation

min [ Y G (@) + b, 0)0) £ c—E @) C O —E @) +BOwI =0 (2.3
i=l

Assuming that the function v is sufficiently smooth, we can confirm that it satisfies
the conditions of the lemma, This leads to the relations (2. 1) and (2.2) where

== 1/, {8%° (§ (V) / 3z; 95},
Using (3.3) we obtain

5(9 B0V (B)(z—E(0) -+ O (lz—E(0)12) (3.4)
v (T)+F*(T)V(T)+V(T)f(f) .5)
6(7) (0)b (1) b* (V) V(1) = — Pyg (oC (V) Przny)

Theorem 2, Let Pf(i(f)) positive definite T - periodic matrix V (v) satisfy
(2.2) and (3.5). Then the T - periodic motion z = § () of the system (3, 1) with con-
trol

1
u (:c)=—ﬁ—(97b*(9)V(6) (x —E (0)) (3.6)
is FO -stable. The value of the functional (3. 2) under the control (3. 6) is equal to

vi(z) + O0(a—E(®) 1% where v(z) = (z — E(0)*V (0) (¢ — E (), and differs
from its optimal value by O (| — & (0) | ®).
Proof, Equations in variations of the system (3. 1) with control (3, 6) have the

following form for the periodic solution 2 = § (¢) :

%:G(t)y:(F(t) ﬁ(t) b(t) b* (t)V(t)) (3.7
Replacing F in (2,10) by the matrix G and using (3. 5), we find

V(D4 6* (V ()+V (D6 (=" PreenC (8) Prgay — By (1; V(n)b(wm)b*(v) V (r) (3.8)
Equation (3.8) proves, by virtue of Theorem 1, the EO stablhty of the solution
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z = § () of (3.1) with the control (3.6)., The rest of the theorem is proved with the
help of the method given in [9], Let us consider (3.2) and the functional

K=J+

- (f; () + b, (0)u)dt

v
z'l.

0.

°Q/')8

n
=1
Clearly, if the control u in the problem of minimizing the functional J is optimal,
then it will also be optimal in the problem of minimizing K and vice versa. This
follows from the equality K (x) = J (z) — v (). The integrand @ (z, ) of the functio-
nal K can be written with the help of the lemma in the form
Q@ uy=(z—FON*ICO)+ V' (8) + F*(O)V (0) +

V(O)F 0)] (x — E(0)) + B (B)u? + 2b* (B) V(B) (z — E (B)u +

O(z—E@|9u+0(z—85@)[?
From (3. 5) follows ming Q (2, u) = 0 (|z — E(8) | 9
and this yields for any control

J@=K@+v@=2vE@ —[0(z—850) Y |

But under the control (3.6) J = v (z) +0 (|z — §(0) |3). This completes the proof
of Theorem 2, i

4. Example, Letus consider the problem of stabilizing the motion & = r cos ¢,
§; = —rsint in the system

5 =1, z'=—z4b(Ou (4. 1)

with the minimization of the functional
I = [ 1o @) e — 5 OF + 2 (0) Ga— 5 @) + B (0) 2] (4.2)
]

The relation (2.2) and (3.5) yield the following expressions for the elements of the
matrix V (1):
Up = 2A (T) c08? T, V), = v, = —A (1) sin 2T, v, = 24 (1) sin? v

where the 2x - periodic positive function A (1) satisfies the Riccati equation

262 1 1
A — W(:))— $in? TATH —- 01 (1) €082 T 4 5~ ¢3 () 8in?T =0 (4.3)

The function v (x,, 3) and control u (z,, z,), are nearly optimal at small | ViZ®F 22
— r| and are, respectively,

v (2, ) = 20 (0) (Vz® + 22 — r)? (4.4)
U= —2x(0) (z, — 1%y / Vz.° + 25%) (4.5)
where the function 6 (z, z,) can be obtained from the relations

z zy

1 .
€08 0 = V—==, sinl=—/7m——
Va2 + a2 Vgl + 22
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If, for example, b= =1, ¢, = 0, c; = 1, then (4,3) yields A =1/,. In this case
the system (4.1) with control (4, 5) assumes the form

5 =1, 2 = —ay— (13— 1y / VI12+ z5%) (4.6)
The solution =z, == rcos ¢, z, = — rsint of (4. 6) is self - oscillatory.

Note, The sufficient criterion of stabilizability (Theorem 3) given in [10] is
incorrect. It turns out that the full controllability is insufficient to ensure the stabili -
zability of the systems with arbitrary noise. The noise must have certain restrictions
imposed on it . For example, the following result is valid; if the system (2. 2) is fully
controlled and a number o« > 0 is found such that for any D>0 the inequality

K
>\ 0,*Do, < aD

r=1
holds, then the system (1,1) can be stabilized in the quadratic mean if ¢, =0 (r =
1,2,...,m) .

We note that the criterion formulated in Theorem 3 is not related to the basic content
of [10], and the discussion of the remaining material does not make use of this theorem,
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